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1.Introduction  

As we know , theories of elementary particles for calculating particles' masses are less 
successful .  

Many people have attempted to achieve a way to calculate particles' masses [1] ,[2] . 
But none of them could present an analytic way for all states of particles . They merely could 
present limited ways , without a basic expression. Mahmoud Hessaby [3] , the professor of 
Tehran university , when he studied in Paris university ( 1923 – 1927 ) , began to study about 
sensitivity of photoelectric cells and elementary particles . His supervisor was professor 
Fabry [4] while  defending his PhD thesis , and one of his classmates was famous scientist , " 
Louis De Broglie " [5]. 

Dr.Hessaby studied De broglies's theory ( wave-particle property of matter ) and 
general relativity for the first time in 1925 . 

He continued his studies with Albert Einstein's supervision , in Princeton university and 
with Enrico Fermi [6] , in Chicago , from 1946 to 1949 . 

He focused on elementary particles , general relativity , fields theory and energy 
density . 

Later in 1977 , he presented his study results on calculation of energy density and 
particles' masses . 

2. Basic considerations  

In general relativity  , curvature of space , and line elements are as below : 

µνµν
π T
c

GG 4
8

=                                (1) 

where µνG is curvature of space tensor , G is Newton's constant , c is light velocity and 

µνT is stress-energy tensor. 

In a flat spacetime , ordinary velocity of particles are ; 
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zyx e
dt
dze

dt
dye

dt
dxu ++=                            (2) 

 
{ 𝑒𝑥 , 𝑒𝑦 , 𝑒𝑧 } are basis vectors , as well as orthonormal basis . 

According to the relativistic description , particles exist in a four dimensional 
spacetime , the basis vectors would be { 𝑒𝑡 , 𝑒𝑥 , 𝑒𝑦 , 𝑒𝑧 } . 

In this description , the ordinary velocity of particles is not a vector. 

Instead one defines a four-velocity ; 

u  = −𝑐
τd

dt  𝑒𝑡 +   
τd

dx  𝑒𝑥 +   
τd

dy  𝑒𝑦+   
dt
dz  𝑒𝑧                    (3) 

Where τ is the proper time of the particle, i.e. the time is measured by a standard 
clock carried by the particle using Einstein's summation convention, we may write ;  

U = µ
µeU =  µτ

e
d
dx3

   , ∈µx  { 𝑥0 , 𝑥1 , 𝑥2 , 𝑥3 } 

Where 𝑥0 = 𝑐𝑡 ,  𝑥1 =  𝑥  ,  𝑥2 =  𝑦  ,  𝑥3 =  𝑦 .   

If   
𝑑𝑡
𝑑τ  = γ   , then ;         

U = γ ( c ,  𝑢𝑥 ,  𝑢𝑦 ,  𝑢𝑧 )                                      (4) 

     U = γ ( c , u )                                                (5) 

In the next frame of the particle , u=o and γ =1 . 

Hence the four-velocity reduces to : 

U = c𝑒𝑡                                                                      (6) 

In this frame , the particle moves in the time direction with the velocity of light. 

The four-momentum , P , of a particle with rest-mass 𝑚𝑜 is defined by ; 

P = 𝑚𝑜U                                                                   (7) 

The ordinary three-dimensional relativistic momentum of the particle is ; 

P=mu=γ 𝑚𝑜u                                                         (8) 

From Eqs.(6) and (8)  , follows ; 
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P=(E/C ,p )                                                              (9) 

Where the total energy of the particle is , E. 

The four-force , or the Minkowski [7] force F is defined by ; 

F=
𝑑𝑃

𝑑τ                                                         (10) 

The ordinary force f is ; 

f=
𝑑𝑃
𝑑𝑡

                                                               (11) 

It follows that ; 

F = γ  (
𝑑𝐸
𝑐𝑑𝑡

 , 
𝑑𝑃
𝑑𝑡

 ) =  γ ( 𝑓.𝑢
𝑐

 , f )                   (12) 

In the rest frame of the particle ; 

𝐹0 = ( 0 , 𝑓0 )                                                (13) 

Where 𝑓0 is the Newtonian force on the particle , The four-acceleration "A"of the 
particle is ; 

A=
𝑑U
𝑑τ                                                               (14) 

In the case that the rest mass is constant we get ; 

F
m

A
o

1
=                                                 (15) 

The ordinary acceleration "a" is ;  

dt
dua =                                                         (16) 

Using that ; 

γ(
dt
dmF o= )u γ= om ( ).

2
2 u

c
aua γ+           (17) 

We find from Eqs.(12) , (14) and (17) ; 

).,.( 2
222 u

c
aua

c
auA γγγ +=                         (18) 
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The component expressions (12) and (18) are valid only with respect to an 
orthonormal basis field . 

Curved space one can always introduces local Cartesian coordinate systems 
with orthonormal basis coordinate vector fields . 

Line-element of Minkowski [7] spacetime in spherical coordinates has the form 
( in units with c=1 ) ; 

 

            )sin( 2222222 φθθ ddrdrdtds +++−= −−                                 (19) 

 

To solve the field equation for empty spacetime with static and spherically symmetric 
3-space is reasonable to assume that the line-element can be written ; 

 

)sin()()()( 2222222 φθθ ddrrhrdrgdtrfds +++−=    (20) 

 

With a new radial coordinate =r r )(rh , line-element becomes ; 

 

)sin()()( 2222222 φθθ ddrdrrBdtrAds +++−=            (21) 

 
To replace the functions A(r) and B(r) by exponential functions in order to 

obtain somewhat simpler expressions for the components of the Einstein's tensor , 
we can use the following : 

 

)()(2 rAe ra =   and )(2 re β = )(rB  

 
We find ; 

)sin( 222222222 φθθβα ddrdredteds +++−=         (22) 

 
 
These coordinates are called Schwarzschild coordinates . 
Professor Hessaby assumed the line-element as below ; 
 

      )sin( 2222222 1111 φθθ γβδ dederdredteds a +−−=                 (23) 

 
After to compare eqs.(22) and (23) we will find ; 
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1,1,, 111111 22 −=−=−=−= γββααδ eeeeee  

 

 

In general relativity ( GR ) , the relationship between matter and the curvature of 
spacetime is contained in equation , which is Einstein's equation . 

 

=− µνµν RgR
2
1

4

8

c

GTµνπ
                                  (24) 

 

Where Rµν  is Ricci curvature tensor , R is scalar curvature , gµν is metric tensor, G is 

Newtone's constant , c is light velocity and T µν  is stress-energy tensor . 

We could use eqs.(24) as below ; 

T µν  = 
G

c
π8

4
 ( R µν  - 

2
1

Rg µν )                     (25) 

And we write ; 

a = 
G
c

2

4+
                                                      (26) 

where a is a dimensional constant . 

And then we find ; 

T µν  = 
π4
a

 ( R µν  - 
2
1

 Rg µν  )                       (27) 

The contracted energy tensor is : 

T = U = ∑ u µν  = ∑ T µν                                  (28) 

Since we have identically U=0 , the  identification of Tνµ  with Uν
µ  , gives by contraction 

; 

U = T = 
π4
a

R = 0                                           (29) 

So that we have identically R = 0 . 
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Taking account of (29) , relation (27) becomes ,  

U µν  = T µν  = 
π4
a

R µν                          (30) 

With refer to Professor Hessaby's paper , U µν  would be , 

U11= - U 22 = - U 33 = U 44  = 
π4
1

 E )( 11 δα +−  x ( F14 ) 2           (31) 

Where F µν  is generalized field on gravitational , electric , and nuclear fields . 

Relations (30) and (31) give ; 

R11= - R12 = - R 23 = R 44 = 
a
1

 e )( 11 δα +− (F14 ) 2                                (32) 

R µν  is in terms of 1111 ,,, δγβα  .  

The components T µν  of the energy-momentum tensor , or sometimes the stress-

energy tensor , are “ the flux of the thµ component of momentum in the hµν direction . ” 

When we are in vaccum- no energy or momentum , T µν  = 0 and becomes Einstein's 

equation in vaccum ; 

R µν  = o                                                                                       (33) 

This is somewhat easier to solve than the full equation . Although the full nonlinear 
Einstein's equation looks simple , in application it is not . If we recall the definition of the 
Riemann [8] tensor in terms of the Christoffel symbols , and the definition of those in terms 
of the metric , we will realize that Einstein's equation for the metric are complicated indeed. 

Through christoffel symbols ( Non-vanishing symbols ) and by relations (29) the 
contracted tensor R is zero ;  

 

R= µνR∑                                      (34) 

 

Based on R 22 = R 33  , we assume the equality of 1β and 1γ  ( Refer to Professor 

Hessaby's paper ) 

Making use of the equality R11= R 44  , we obtain ; 
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α−
1e ( 1β ′′ + 

2
1 2

1β ′ + 2 
r
1β ′ - 

2
1

1α ′ 1β - 
2
1

1β ′ 1δ ′ - r
1α ′ - 

r
1δ ′ ) = o                          (35) 

in the first case where β 1 = γ 1 = 0 ( Professor Hessaby's paper ) and relation (35) gives 

then =1δ - 1α , becomes ; 

e 1
δ ( - 1δ ′′ - 02)24 22

12
1 =+−

′
−′

rrr
δ

δ                             (36) 

the solution  

e 2)1(
r
k

+=δ                                                          (37) 

where k is a constant depending on mass of the particle and having the dimensions of 
a length , then we have ; 

e 2)1( −− +==
r
ke δα                                                     (38) 

We have assumed 011 == γβ , the metric becomes , 

ds 2 = - 
2)1(

1

r
k

+
 dr 2  - r 2 d 2θ - r 2 Sin 2 θ d 2θ + ( 1 + 

r
k

 ) 2  dt 2              (39) 

In the second case , if we extend the validity of the equality 1δ = - 1α  to the general 

case where 01 ≠β , the differential equation (35) reduces to ; 

02
2
1 12

11 =
′

+′+′′
r
β

ββ                                               (40) 

After solving the equation above the metric conclusion , changes into : 

ds 2  = - ( 1 + 
r
A

 ) 2 ( dr 2  + r 2 d 2θ + r 2 Sin 2 d 2θ  ) + 
2)1(

1

r
A

+
dt 2               (41) 

3.The Fields 

 

For gravitational field , we consider the form of the metric as found in (39) . The four 
potential have known by µφ  . The field in general case is given by the expression ; 
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F µν = 
ν

µφ
x∂

∂
 - 

µ

νφ
x∂
∂

                                         (42) 

The field F14  is given by equ (31) , which 11 αδ −=  

U 44  = )(
2
1 δα

π
+−e (F14 ) 2 = 2

14 )(
4
1 F
π

                          (43) 

Also the energy density would be ; 

U 44  = - 4
4

4
4

4444 1

444
ReaRgaRa δ

πππ
−−=−=                          (44) 

A result of equ .(44) , which 11 αδ −=   

And 011 == γβ  is ; 

R )
2
1

2
1( 1

111
4
4 r

e δ
δδδ ′

−′−′′−=              (45) 

If 1δe  = ( 1+
r
k

 ) 2 , so that we have ; 

R 4
4
4

r
k

−=                                     (46) 

And then ; 

F 214
r

ka
=                                    (47) 

The energy density , becomes ; 

U 44  = 22

2

)(4 krr
ka
+π

 

And the integral of energy density over the whole space is ; 

W= akdrddr
krr

k
a

a
=

+∫
∞

φθθ22
0 22

2 sin
)(

1
4

          (48) 

The mass of the particle being " m " , must be equal to ; 

ak=mc 2                       (49) 

The dimension of " K " being that of a length , and for " a " must be a force . 
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We set ; 

a=
G
c4

 

                                                  (50) 

k= 2c
Gm

 

We see that in the integral of energy density , we encounter no infinities , and the mass 
of the particle consists of the integral of its energy density overall space ! 

The metric (39) becomes now ; 

ds 2  = - 22
2

222222

2
2

)1(sin
)1(

1 dt
rc

Gmdrdrdr

rc
Gm

++−−
+

φθθ                           (51) 

 

Einstein's Solution is ; 

ds 2 = - 2222222 )21(sin
)21(

1 dt
r
mdrdrdr

r
m

−+−−
−

φθθ                              (52) 

In the metric (51) , the g µν  are perfect squares , and also do not have any singularities 

apart from the origin , giving with a finite value for the energy of the particle ! 

In the electric field we consider the metric (41) , and for the energy density is ; 

u 44  = - 2
14

)(44 )(
4
1

4
FeRb δα

ππ
+−=                                         (53) 

Since we have 1111 δγβα −=== , we get ; 

)
2
1( 1

11
44 1

r
eR δ

δδ ′
−′′−=                                                             (54) 
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Replacing 1δe  by 
2

1
−







 +

r
A

we find ; 

R 44 = - 4

2

)( Ar
A
+

                           (55) 

So that 

R 44 = - 2
14 )(1 F

b
 = - 4

2

)( Ar
A
+

                  (56) 

And , 

u 44 = - 4

2

)(4 Ar
bA
+π

                    (57) 

The integral over all space is ; 

3
44 bAdu =∫ ν                   (58) 

We know , 

2
3

mcbA
=                           (59) 

"A" has the dimension of length , and " b " must have the dimension of a force . We 

remark that the 2

2

mc
e

 has dimension of a length , and the combination 2

42

e
cm

 has the 

dimension of a force . we set , 

b= 2

429
e

cm
 

                                                                                                                    (60) 

A = 2

2

3
1

mc
e

 

 

The " A " is equal to ; 

A= m
mcc

e
me
e 3

02

2

2
109393.0

3
1

3
1

3
−×=== 




α                (61) 
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